This paper studies the behavior of the giant swing motions of a 3-link horizontal bar gymnastic robot using the delayed feedback control (DFC). A modified DFC method called Multiple-prediction Delayed Feedback Control (MDFC), which controls the chaotic system via periodic gain is proposed in this paper. First, plural Poincaré maps are defined to regard the target continuous-time system as a T-periodic discrete-time system, so that the system stability can be evaluated based on the theory of monodromy matrix. Second, a way to calculate analytically the error transfer matrix and the input matrix which are necessary for discretization is presented. Finally, simulation results show that our proposed method is effective in the control of the giant swing motions.
Introduction
The horizontal bar gymnastic robot, whose first joint is passive and the rest are active, is classified as an underactuated robot. Studies on such underactuated mechanical systems which possess fewer actuators than degrees of freedom, have received considerable interest in recent years. Open-loop dynamic characteristics of such a linkage as this kind of system with nonholonomic constraints, shows the chaotic nature that even though small differences in initial conditions, the amplitude grows be a completely different movement for its nonlinearity due to centrifugal force, coriolis force and gravity.
In the past few years, many researchers have studied such control problem and various control strategies such as a swing-up method based on the partial feedback linearization techniques proposed by Spong (1) , a control method by making use of the analogous control law, which is obtained by Lyapunov based analysis of a 2-input single pendulum (2) , a feedback control realized by configuration control to follow free giant swing motions which were derived by the optimum trajectory planning method (3) - (5) , have been taken into consideration.
However, there has been shown its complexity when seeking a feedback gain or calculating an accurate target trajectory. Since a generalized control method has not yet been established to this kind of system for the difficulties in analysis, their control problems are challenging. Starting with the work of Ott, Grebogi, and Yorke (6) who pointed out the existence of many unstable periodic orbits (UPOs) embedded in chaotic attractors raises the possibility of using very small external forces to obtain various types of regular behavior, a variety of methods for controlling unstable and chaotic systems have been developed in the past two decades and applied to various systems, for example, semiconductor oscillators (7) , mechanical pendulums (8) , lasers (9) , electrochemical systems (10) , economical model (11) , nonautonomous chaotic systems (12) . Among of them, the delayed feedback control (DFC) method proposed by Pyragas (13) , has gained widespread acceptance. The DFC involves a control input formed from the difference between the current state and the delayed state so that the control signal vanishes when the stabilization of the target orbit is attained. Nevertheless, some general analytical results obtained recently have proved that the DFC has a limitation that if the linear variational equation about the target UPO has an odd number of real characteristic multipliers greater than unity, the UPO can never be stabilized with any value of feedback gain. This statement was first proved by Ushio (14) for discrete time systems.
Just et al. (15) and Nakajima (16) proved the same limitation for the continuous time DFC. Since then, several modifications (17) - (22) of the original DFC method have been proposed in order to improve its performance. However, applied the DFC to the continuous system like gymnastic robot, stability analysis of the closed-loop system is very difficult since the time-delay dynamics described by a difference-differential equation takes place in infinite dimensional phase spaces. Meanwhile, when the DFC is applied to the control of discrete-time system, stability analysis is easier than the continuous-time system for the dynamics of the closedloop system being described by a differential equation. Hence, among of the modified DFCs, a method called prediction-based delayed feedback control (20) (PDFC), which is applicable in the control of discrete chaotic system aroused our interest, and has been extended by us to control the giant swing motions of a 2-link horizontal bar gymnastic robot (23) .
Although there has been showed PDFC is effective in the control of 2-link gymnastic robot which is a highly simplified model of a human gymnast on a high bar, to mimic gymnastic routine more realistically and to understand the control mechanism inside the routine better, one should model the gymnast on a high bar at least as a 3-link underactuated robot. On the other hand, the PDFC has a limitation that it has only single control input at each period of the giant swing motion, from the view of control agility and robustness, multiple input in one cycle is considered to be much better. In this paper, a modified method called Multiple-prediction Delayed Feedback Control(MDFC) is proposed. This paper is organized as follows: Section 2 briefly shows the analysis model of the three-link horizontal bar gymnastic robot. Section 3 discusses a discretization method with plural Poincaré maps defined to regard the target continuous-time system as a T-periodic discrete-time system and the stability of the closed-loop system controlled by the MDFC. Section 4 presents some numerical simulation to show the effectiveness of the proposed design method. The brief conclusions are finally given in Section 5.
Model of gymnastic robot
The 3-link horizontal bar gymnastic robot model is a three-link planar robot arm with an 
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Stabilization problem of periodic orbits in continuous-time systems can be reduced to the fixed points problem of stabilization in discrete-time systems by using a stroboscopic map or Poincaré map, which stroboscopic map is for non-autonomous systems with periodic external force and Poincaré map is suitable for autonomous systems. Notice that the periodic motion in state space has the property of passing through the same point per cycle, we seek to evaluate the stability of the movement by calculating discretely the error between the current motion and the target periodic orbit.
Since the stability of the periodic orbit means that the sequence of points converges to a fixed point in the phase plane, the objective system can be expressed as a difference equation for the discrete-time system model (23) . But this kind of idea has a insufficiency that it can only adopt a single control input during one period of the objective motions such as the giant swing motion of gymnastic robot. Therefore, a new discretization method to increase the control performance by introducing a notion of plural Poincaré maps is proposed here. Plural Poincaré maps (P i , P 2 , ..., P N ) for a periodic orbit which are defined by dividing the 1st link angle The discretized system constructed by ith(i = 1, 2, ..., N) Poincaré map can be represented by the following equation.
where k is the discrete time and
respectively the state error, the Error Transfer Matrix (ETM) and the Input Matrix in terms with the ith Poincaré map. Moreover, u(k, i) is defined as
Here, the equivalence
is satisfied for each i. By introducing the variable τ which is called Control Period at here, and defining u 0 as the control input to the system during (t 0 , τ) while x = x 0 , the input torque u whose image is shown in Fig.3 , can be described as Eq. (10). 
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where rect(t) is a rectangular function as the following.
Here, t i is the time at ith Poincaré map
Introducing the following definition, the state variables at each one of the ith Poincaré section can be summarize as one vector.
. . .
Therefore, the close-loop system relating to ξ(k, i) can be stated as the following equation.
x(k, N)
Now, consider the objective system as a discrete-time system with periodic N.
Here,
As it is known, the local stability of such a system can be determined by the eigenvalue of the monodromy matrix. Define
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The closed-loop system becomes to be the follows.
For N-periodic matrix M(·), the eigenvalues of matrix F independent of i are called as the characteristic multipliers. It is known that if the moduli of all characteristic multipliers in terms of M(i) are small than one, then the system is stable and if the modulus of at least one eigenvalues is larger than one, then the system is unstable. Moreover, the matrix F is equivalent to the following diagonal block matrix whose detail is shown in appendix (B).
Hence, using the pole placement technique, it is not difficult to obtain the value of K i for the system matrix A i + B i K i (i = 1, 2, ..., N) in the diagonal block matrix F.
Our task now is to show how to compute the value of the ETM A i and the input matrix B i required in the above equation. The solution is similar to the determination of the 2-link gymnastic robot (23) , so only the difference is shown at here.
Solution for Obtaining the Error Transfer Matrix
A Here, let y 1 =ẋ 1 , y 2 =ẋ 2 , y 3 =ẋ 3 . Then the state vector of three-link gymnastic robot can be written as the following form.
Consider the objective system given by the equation of motion in Eq. (3) . First, given the case of u = 0, the objective system becomeṡ
Assume the state x to be the following vector function
where f i , ϕ i (i=1 ∼ 6) are the functions of x. Introducing the following definition,
the variational equation becomes
where x i,0 refers to the solution at t = 0 of the ith state corresponding to the state vector x defined in Eq. (21) . Notice that the following equation holds.
Carrying out integrals in numerical integration to the variational equations of Eq. (23) over the interval t ∈ [0, T ] by six times, the ETM A can be calculated.
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Solution for Obtaining the Input Matrix B
Note that Eq. (3) can be rewrite aṡ
Since the solution of equation at x = x(0) can be written as
The continuous system described by Eq. (26) will change to be a discrete system by mapping ofP i . Substituting Eq. (27) into Eq. (26), the following equation for the variable ϕ(t, x 0 ) can be obtained.
Here, consider the case of differentiation at u 0 , which can yield
Let
Similar to previous subsection, the above equation (26) is equivalent to the following.
Notice that the following equation holds.
Carrying out integrals in numerical integration to Eq. (31) over the interval t ∈ [0, T ] by two times, it is not difficult to obtain the value of the Input Matrix B. 
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Numerical Simulations
This section shows some simulation results to verify the validity of the proposed method. In solving the differential equations, 4th-order Runge-kutta method was used with time step size dt = 1[ms]. See Table 1 To see the stability of periodic orbits via delayed feedback control, numerical simulation was exercised from the initial condition x(0) = (−π, 0.05, 0.05, 6.878, 0.721, 3.383) which contained errors. Firstly, consider the uncontrolled case, the 30 seconds trajectory of the orbits in the phase plane filled up a section of the phase space as shown in Fig.5 which is a colored 3D contour of time mapped on the bottom plain. It can be confirmed that there was no periodicity without control. is choosing to be τ = 5[ms] by the method proposed in the previous paper (23) . The feedback gain K while N = 60 is shown in Fig.6 where x-axis is the angle of 1st link. The periodic gain curves of the 2nd and 3rd link are drawn in Figs.6(a) , 6(b) respectively. Moreover, K j( j = 1, 2..., 6) represents the mth row and jth( j = 1, 2, ..., 6) column's value of gain matrix K i (i = 1, 2, ..., N) where m = 0 in Fig.6 (a) and m = 1 while in Fig.6(b) . with control.
The trajectory of the orbits in the phase plane (x,ẋ) during 20 seconds via calculated feedback gain K with two cases of N = 1 and N = 20 are shown in Fig.8 which is also a colored 3D contour of time mapped on the bottom plain. Fig.8(a) depicts the trajectory of case N = 1 and Figs.8(b) ,(c) plots that of case N = 20. It is clearly observed from Fig.8 that it took only about 6 seconds to reach a stable periodic motion in case N = 20, while case N = 1 did not appear the periodicity even after 20 seconds. It can be said that MDFC shows a better control performance than the control method with a single input in one period. From Fig.8(c) , it is obvious that the stable trajectory of the orbits during the times from 6th till 20th second converged closer to the curve like Fig.4 . In addition, Fig.9 depicts the angle, angular velocity and stick figure as shown respectively in Figs.9(a), (b) , (c) which was based on one period data from about 6.6 second after the giant swing motion converging to a stable orbit. It can be known from Fig.9 that the controlled system succeeded to form a kind of giant swing motion via the MDFC.
Conclusion
This paper have studied the behavior of the giant swing motions of a 3-link horizontal bar gymnastic robot using the delayed feedback control. A modified DFC method called MDFC which control the chaotic system via periodic gain is proposed in this paper. Firstly, to regard the target continuous-time system as a T-periodic discrete-time system, plural Poincaré maps are defined so that the system stability can be evaluated based on the theory of monodromy matrix. Secondly, a way to calculate analytically the error transfer matrix and the input matrix necessary for discretization is discussed. Therefore, the stability of MDFC for the original continuous gymnastic robot system is equivalent to that of the corresponding discrete system. Hence, by applying the pole placement technique to the obtained discrete-time model, a periodic feedback gain to ensure the stability of original system can be determined. Finally, the simulation results showed its effectiveness via the proposed method.
Appendix (A)
The items of matrix M, C, G. 
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